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(1) 



Abstract. We characterize the set of positive harmonic functions with Dirichlet boundary 
conditions in unbounded domains which are union of several different chambers. We analyze the 
asymptotic behavior of the solutions in connection with the changes in the domain's geometry. 
Finally we classify all (possibly sign-changing) infinite energy solutions having minimal frequency 
at the infinite ends of the domain. 

1. Introduction 

In this paper we are concerned with positive solutions to the following problem 

Au = in £1 
u = on dfl, 

where fl is a particular unbounded domain defined as the union of two or more infinite cylinders. In 
this context the term chamber stands exactly for cylinder. This is one of simplest cases where the 
domain presents a sensitive change of geometry In these cases one may expect that the domain's 
geometry and solutions' shape are strictly related to each other. We mean the possibility that 
such geometric changes in the domain affects the same solutions' shape as well as, from the other 
point of view, that solutions may carry some information about the domain's geometry. 

Since the domain is unbounded, positive solutions can not have finite energy. In the same way, 
uniqueness of solutions of inhomogoneous Laplace equations does not hold, unless the energy is 
supposed to be finite. Therefore, in order to classify positive solutions of |T]), we need to waive the 
energy boundedness and to allow infinite energy solutions. More precisely, supposing the domain 
to be the union of two cylinders parallel to the x axis, we prove that there exists an unique (up 
to multiplicative constants) positive C 1 solution to problem ([I]) having finite energy on the left 
cylinder, which has in fact an unique possible divergent behavior at +oo (up to multiplicative 
constants). As we normalize such a behavior, we force the asymptotic (vanishing) behavior of the 
solution even at — oo. For a pair of cylinders, the rate of growth at +oo can be related with the 
rate of vanishing at — oo by means of the evaluation of a transfer operator (see Section 2]). As 
remarked in jfU composition of such transfer operators can be useful to handle a concatenation 
of many cylinders. Finally, we shall classify all positive solutions and all infinite energy solutions 
having the smallest possible growth at infinity. 

We became interested in these issues in connection with the problem of the interplay of the 
geometry of the domain with the transmission of frequencies. As a matter of facts, problems of 
type (JT|) may arise, for example, from a blow-up analysis for eigenvalues equations in bounded 
domains with variable geometries. These last equations may describe the possible transmission 
of frequency from a chamber to another one, when passing through a certain number of other 
chambers, connected by thin tubes (whose section is negligible with respect to its own length), 
(see 0II2]). 

Let U R and U L two open regular connected domains in R* -1 for N > 2, possibly unbounded. 
Let us fix the following notation we are using throughout the paper: 

C R := {(x, y)eRx R w_1 s.t. x > and y <E U R }; 

C L := {{x, y) E R x ft"" 1 s.t. x < and y e U L }; 

n := C R UC L UT being T := dC R D dC L . 
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Moreover, we denote ip\ the first eigenfvmction of the problem 

Aipi = AxVi in U R 



(2) 



in the case U R is bounded. 

Our main result is the following 



ipi = on dU 



R 



Theorem 1.1. Let £1 = Cl- There exists a unique (up to a multiplicative constant) positive C 1 
solution v L to the problem ([TJ, provided 

(3) / |Vw L | 2 <oo. 

Jc L 

Moreover, 

• if U R is bounded, then v L is asymptotic to e"^- x tpi(y) as x — > oo uniformly with respect 
toy £ U R , 

• if C R is the whole right half space ofM. N , then v L is asymptotic to x as x — » oo uniformly 
with respect to y G R^ -1 . 

An analogous statement defines v R . Finally, all positive solution are positive linear combinations 
of v L and v R . 

We shall prove as well that all solutions having the lowest possible frequency at infinity are 
linear combinations of v L and v . We divide the proof in two steps: in Section 2 we examine the 
existence of positive solutions to problem ([!} when f2 is the cylinder C R either when its section is 
bounded or when it is a whole hyperplane, and we investigate their possible behavior at infinity; 
in Section 3 we collect the previous results in order to prove Theorem (jl.ip . In Section 4 we study 
the relation between the asymptotic behavior at +oo and — oo, generalizing our results to domains 
which are union of more than two chambers in the very last subsection. 

2. Existence and uniqueness of a positive harmonic function on C r . 
We claim the following 

Theorem 2.1. There exists a unique (up to a multiplicative constant) positive solution u to the 
problem 

, s ( Av = mC R 

W { v = ondC R 

if Ur is bounded or it is a whole hyperplane. In the first case it will be 

(5) v(x,y) = (e^-e-^ x )i> 1 (y), 

being Ai and ipi the first eigenvalue and the first eigenfunction respectively of the problem ©; 
whereas in the second case it will be 

(6) v(x,y)=x 
denoting x the first variable in M. N . 

Remark 2.2. We stress the aforementioned solutions have an infinite energy. 
In order to prove this theorem, we study the two cases separately. 

2.1. The case U R bounded. It is quite simple to prove that the function v defined in ((5]) is a 
solution to the problem (jl]). Moreover, we stress it is asymptotic to e^^ x ipi{y) as x — > oo. We 
aim to prove it is in fact the unique solution. 

Proposition 2.3. The function v defined in §5§ is the unique solution up to multiplications by 
constants. 



POSITIVE HARMONIC FUNCTIONS IN UNION OF CHAMBERS 



3 



The proof relies essentially on three different tools: the so-called "Phragmen-Lindelof Principle" , 
which may be read as a comparison principle on unbounded domains, a boundary version of the 
Harnack inequality, and an Almgren-type argument. For similar arguments, see [101 111] . 

Let us recall the well-known Phragmen-Lindelof Principle stated for the Laplace operator: 

Theorem 2.4 (Phragmen-Lindelof Principle, |12j). Let D be a domain, bounded or unbounded, 
and let u satisfy 

-Au < in D, 
u < on T, 

where T is a subset of dD. Suppose that there is an increasing sequence of bounded domains 
D\ C D2 C ■ ■ • C Dk C ■ • • with properties 

(1) each Dk is contained in D; for each point x £ D there is an integer N such that x € Dn; 

(2) the boundary of each Dk consists in two parts Tk and Tk where Tk is a subset of T and 
Fk is a subset of D. 

Further, suppose there exists a sequence {wt} which satisfies 

Wk{x) > on D k U dD k , 
— Awk > in Dk- 

Assume there is a function w(x) with the property that at each point x £ D the inequality 

Wk{x) < w(x) 

holds for all k above a certain integer N x . If u satisfies the growth condition 

hminf (sup^-1 <0 

fc - > °° I ry w k (x) J 

then 

u < in D. 

Lemma 2.5 (Boundary Harnack inequality, [7 ). Let D C R*, N > 2, be a Lipschitz domain 
and let V an open set such that V H dD ^ 0. Suppose W is a domain such that W C D, W C V 
and let Pq be a point in W. Then there is a constant C > such that if u and v are nonnegative 
harmonic functions in D which vanish on V H dD and satisfy u(Po) < v(Pq) then u(P) < Cv{P) 
for all P GW. 

Thanks to these two preliminary results, we can state 

Proposition 2.6. Let u and v be two different positive solutions to the problem Then u = 

0(v). 

Proof. According to the notation in Theorem (|2.4p . let Dk denotes the rectangle {(x, y) £ C R , k — 
1 < x < k and y € U R } and T' k := {(k— 1, y), y G U R } U {(k, y), y <E U R }. We can claim that 

(7) liminfsup^4 >0. 

fe^+oo r , fc v{x,y) 

If not, Theorem (|2.4p would apply with Wk = vXD k + £ where e is any positive constant. Thus, 
we would obtain u < and then u = 0, a contradiction. 
We define 

u(x,y) . u{x,y) 
b k = max — a k = mm — -. 

v{x,y) r' k v{x,y) 

Then, Equation ([7]) implies bk > C > for k large enough and then, by Lemma (|2.5p Hi£M < 



C in C R . We can rewrite the previous inequality as 
(xi,yi), (£2,2/2) € C R in order to obtain 

(8) 1 < — < C. 

ak 



u(x!.yi) _ u(x 2 ,V2) 
v(xi,yi) v(x 2 ,H2) 



v(x,y) 

< C^M- for any 

— v(x 2 ,y2) J 
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This means that the two sequences and bk share the same asymptotic behavior. Moreover, their 
divergence to oo cannot occur. If they diverged to +00, then the inverse quotient — would be uni- 
formly convergent to zero as x — > +00, Theorem (|2.4I) would apply and provide the contradiction 
V < 0. 

In this way, they both cannot converge to zero, otherwise © would be violated, and then 

u 

(9) Ci < - < C 2 

v 

for some positive constants C\ and C2. □ 

Proposition 2.7. Any solution to Q is asymptotic to e^^ x ipk(y) as x — » 00 uniformly with 
respect to y € U R {or some fceff, where ipk denotes the k-th eigenfunction of the problem @. 

To prove this last step we need several preliminary results, which are stated in Lemma 
Lemma (|2.1ip and Lemma (|2.10[) . 

Being v any solution to (j4]), let us introduce the following Almgren-type quotient 

Jo l V «| 2 

(10) N(v)(x) : ■ L 



k- 2 ' 

where Q x := {(£, rj) £ il : < £ < x} and T x := {(x,y) : ye U R }. 

Lemma 2.8. Given a solution v to (j4]), the function N(v)(x) — y^=e~^^ x is monotone increasing 



AT 

with respect to x. 

Proof. It is simple to see that 

D'(x) = f |Vv| 2 

H'{x) = J 2vv x . 
Multiplying the equation by v x and integrating by parts we obtain 

Vv\7v x = / v x 2 — / v. 2 ' 



x 1 

r 



whereas differentiating it and multiplying it by v we obtain 



Vi> Vv x = I vv xx = - v A y v = / v y 2 ; 

Tx ^T-c ■/Tj. 



from which 



Let us compute the derivative 
d 



V X 2 = J Vy 2 + I V 2 



2 /r. ^ 2 -/r ^ 2 _ 2 (/r^^) 



> - 



> 



^ (Jr.*)' 
/r fl ^ 



k« 2 
C 



for some positive C: the first inequality is given by the Holder inequality and the second one is 
implied by Proposition (|2.6|) . □ 
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Remark 2.9. Under our hypothesis we can claim N(v)(x) admits a finite limit as x — > oo. Indeed, 
it admits a limit in view of Lemma (|2.8[) . and such a limit is finite since v is 0(e^^- x ipi(y)) from 
Proposition (12. 6[) . so that N(v) is a bounded function from above. 

In order to detect lim x _>. +co N(v)(x) we introduce the sequence of normalized functions 
Vi(x t y):= < X + Z>y\ for£eR,x<E (0,1), y eU R . 

(V a &w)) 

Lemma 2.10. As £ — > oo the sequence {v^}^ converges C 1 -uniformly on compact sets of the 

cylinder {(x,y) £ M. N : x G R and y £ U } to a function harmonic on the cylinder whose N(x) 
is identically constant. 

Proof. First we observe N(v^)(x) = N(v)(x + £) < W for all x e (0, 1) and for all (el, thanks 
to the definition of v% and to Remark (j2.9[) . Thus, J Q |V^| 2 < N J r v^ 2 where we recall 

Via Harnack inequality, if x ranges in a compact set, the previous ratio is bounded from above 
by a fixed constant, then also the .H^-norm is uniformly bounded from above. Thus, there exists 
a subsequence at least (^-uniformly convergent to a function w which is harmonic on the whole 
cylinder. It holds for any fixed id N(v^)(x) = N(v)(x + £) — > N as £ —> oo, and then 

lim N(v £ )(x) = N Viet 

Moreover this happens for any convergent subsequence. Then we can conclude the whole sequence 
is C -uniformly convergent to a function w which is harmonic on the whole cylinder and has 
N(x) identically constant. □ 

Lemma 2.11. Let w be a solution to 

Aw = Q on {(x, y) G R N : x el and y e U R } 
w = if y£ dU R 

with j ye jjR |Vtu| 2 < oo for all x. Then N(w)(x) is identically constant in x if and only if w(x,y) = 
e^ x ipk(y) for some k e N. 

Proof. Note for such solutions it holds J r w x 2 — J r w y 2 , so that 

d f r w 2 \ (jr ww x) 
-^N(w)(x) = 2 :!£=-L. \ 1 >- 

dx Jt x w j Nli^lKllz,^) 

Thus, N is identically constant in x if and only if we have an equality in the Holder inequality, 
that is 

w w T I = / w 2 I w T 2 . 
J Jr, Jr, 

This happens if and only if w x (x,y) — \(x)w(0,y), which leads to 

w{x,y) = w(0, y) jl + j \(t)dt 

If we substitute this expression in N(w)(x) = N we obtain 

X(x) =n(i + \{t)dt 

which is a differential equation whose solution is \(x) = Ne Nx ; then w(x,y) = e Nx w(0, y), from 
which w(x, y) — e^^ x ipk{y) imposing w is harmonic and zero on the boundary. □ 
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Proof of Proposition\2.7\ We exploit the following chain of equalities: 



lim N(v)(x)= lim N(v) (x + £) = hm N(v*)(x) = N(w)(x) = V^fe- 

Therefore Lemma 12.111 gives immediately the proof. □ 
Proof of Provosition HOI By Remark 12.91 we need to prove A = B. This is a straightforward 
consequence of Proposition 12 . 71 where positivity of solutions forces Afc = Ai. □ 

2.2. The case U R hyperplane. The existence of a positive solution in this case is immediately 
proved by considering the function v(x, y) := x, where we recall x denotes the first variable in M. N . 

We aim to prove this is in fact the unique solution to the problem (jj) when U R is a whole 
hyperplane of M. , namely {x — 0}. To do this, we follow the same outline as before. 

Let B r be the ball in M. centered in the origin with radius r, we denote 

C r := C R n B r and T r := dB r n C R . 

Proposition 2.12. Any positive solution to the problem (UJ) is 0{x) as x — » oo uniformly with 
respect to y. 

The proof of this proposition is essentially the same as in the previous case, provided the 
domains Dk are now defined as Ck- 

Proposition 2.13. Any solution to (UJ) is asymptotic to r N v(l,9) as r — > oo uniformly with 
respect to 9 G S^^ 1 in such a way that [N(N — 1) + N(N — 1)] is an eigenvalue for the spherical 
Laplacian and v(l,9) is its relative eigen) 'unction. 

To prove this last step we need several preliminary results, which we state in the Lemma (|2.14[) . 
Lemma (I2.16|) and Lemma (|2.15[) . 

We aim to pursue again an Almgren-type argument on the domains C r . Being v any solution 
to (jj), let us introduce the following Almgren-type quotient 

r 2 -"/„ |Vu| 2 DM 

(") "MM = rl \ v2 - b$ 

Lemma 2.14. Given a solution v to the quotient N(v)(r) is monotone increasing with respect 
to r. 

Proof. It is quite simple to see 

(12) H'(r)=2r 1 - N J vv r . 
Testing the equation by v we obtain 

(13) H'(r) = 2r l - N f |Vtf = -D(r); 



r 



" 2 - N 1 V r 2 . 



from which D{r) = (r/2)H'(r). 
On the other hand we claim 

(14) D'(r) = 2t 
Indeed, 

(15) D'{r) = (2 - N)r 1 - N f \Vv\ 2 +r 2 - N f |Vw| 2 : 
testing the equation with Vu • (x, y) and integrating by parts we obtain 

V r 2 , 



(16) / Vw • V(Vw • (x,y)) = r I 

Jc r Jr T 

Vv-V(Vv(x,y)) = -^^ J c | Vw | 2 + ^ \Vv\ 



which is in fact 
(17) 
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via integration by parts. From (fT5|) . (|16[) and (fTTf we immediately obtain (fT4|) . 

D'(r)H(r) - D(r)H'(r) 

Now, the derivative of N is of course N'(r) = , and we recall that 

H 2 (r) 

D{r)H'(r) = (r/2)(H'(r)) 2 , so that 

N'{r)= 2 4^r{l vr 2 I v*-([ v r v) 2 )>0 



H 2 (r) 



thanks to the Holder inequality. □ 

Now we introduce the sequence of normalized functions 

v(rx,ry) 

v r (x, y) := —Q2 tor r > 1 - 



(Jr 1/2 v2 ( rx > r y) 



Lemma 2.15. As r — > oo the sequence {v r } r converges C 1 -uniformly on C\ to a function which 
is harmonic on the whole halfspace and whose N(x) is identically constant. 

Proof. Here the proof is essentially the same as in Lemma (|2 . 10[) . □ 

Lemma 2.16. Let v any non-trivial solution to the problem @. Then its Almgren's frequency 
function is identically constant equal to N if and only if 

v (r,6) =r W v(l,9) 

in such a way that [N(N — 1) + N(N — 1)] is an eigenvalue for the spherical Laplacian and u(l, 0) 
is its relative eigenf unction. 

Proof. If the derivative of the frequency function is identically zero, then an equality must hold 
in the Holder inequality, so that v r (r, 6) = X(r)v(l,6), that is 



v{r,6)=v(l,6){l + J \{t)dt}. 
Imposing D(r)/H(r) = (r/2)(H'(r)/H(r)) = 77 we obtain 

r [ vv r [ iP(l,0)Mr) | I - / At /.!,// j <W 

N = 



r A(r) 



1 v 2 (1,0) (l + J\(t)dt\ dO l + J^\(t)dt 



v 



The solution of the ordinary differential equation 



rX(r) = Ni 1+ / X(t)dt 



is indeed J ± X(t)dt = r — 1, which leads to v(r,d) = r N v(l,6). Imposing v is harmonic on the 
whole halfspace, we deduce the conditions on N and v(l, 9). □ 

Corollary 2.17. The solution v defined in ^ is the unique positive solution to the problem Q 
up to multiplication by constants. 

Proof. Positivity assumption forces N = 1 in Proposition (|2.13l) . This homogeneity degree to- 
gether with v(0, y) = implies v(x, y) — x. □ 
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3. Solutions on ft 

3.1. Positive solutions on ft with finite energy on C L . The following proposition can be 
easily proved. 

Proposition 3.1. Let us consider the case ft :— C L UC R where U R is the hyperplane {x — 0}. Let 
$ be unique normalized positive solution of extended as vanishing outside the semicylinder. 
There exists a unique positive solution v to problem ([1} such that u — v — $ has finite energy on 
ft: it is the solution of the minimum problem 

(18) min 1 / \\7u\ 2 + [ |? u. 

«eT>i.3(fi) 2 J n J r dx |x=o 

We note that the minimizer u is not a C 1 solution. Indeed, on one hand for every ip G T> ' (ft) 
we have 

(19) f VuV^ = - f ^ ip; 

Jn Jr ox \ x =o 

whereas on the other hand, multiplying the equation by ip nd integrating by parts over C L and 
C R we obtain 



VuV(y3 = / VuV(yS = — (p 



du du 



L 



n Jc L uc R " Jr \ dx \ x =o dx \ x =o 

where u L := u\c L & n d u R is defined similarly. Thus, 

du L du R a$ 

(20) ^^o~^o + ^o' 

in the sense that must be specified yet (see Section 4). If we are interested in C 1 solutions, we 
need to consider the function v = u + <I> instead of u. 

Furthermore, if the test function ip has compact support far away from T, Equation (|19p shows 
that the aforementioned minimum is a harmonic function in ft \ T. In this way, if we are looking 
for a harmonic function u + $ on the whole Q, $ must be the unique (up to multiplication by 
constants) solution to the problem (U) (see the previous section). In other words, given the function 
<i> solution to the problem (jU) , the function u + <& is the unique solution to the problem ([1]) with 
finite energy on the left. Furthermore, it is possible to prove that any positive solution to the 
problem fl} with finite energy on the left takes the form it + $ for a certain $ solution to the 
problem Q, in order to state the following 

Theorem 3.2. There exists a unique (up to multiplicative constants) solution to the problem |lj 
having finite energy on C L . It is asymptotic to a multiple of ([5]) if U R is bounded, whereas it is 
asymptotic to a multiple of if U R is a whole hyperplane. 

Proof. The proof follows the same outline as the proof of Theorem (|2.1[) . 

Propositions (|2.6[) and (|2.12[) can be stated and proved in the same way choosing Dk = {(x, y) £ 
fl, — k < x < k} in the first case and Dk = {(x, y) G ft, —k < x < 0} U Ck in the second case. 

We conclude the proof throughout an Almgren type argument on the domains fl x — {(£, n) G 
ft : £ < x} (but now To = {x = 0} n dfl) in the first case and fl r = {(x, y) € ft : x < 0} U C r in 
the second case. In both cases the computations are the same. □ 

3.2. Infinite energy solutions. Up to now, we have proved that given a positive profile <p on 
U R , there exist at least two positive solutions to the problem 

f Aw = 0, in C R ; 

(21) I w = 4>, on U R ; 

[ w = 0, on dC R -\ U R . 

Indeed, one has finite energy and it is the minimum of the Dirichlet realization on C R , we name it 
u; whereas the second one is obtained from the previous simply adding a multiple of the solution 
v of the Theorem (|2~H. 
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Theorem 3.3. Any positive solution to the problem (|2ip is a linear combination u + cv with c > 0, 
being u and v as mentioned above. 

Proof. Let w > be a solution to the problem (PH]) . If its energy is finite, then it coincides with 
u since in this case we have uniqueness of solution. 

If w has an infinite energy, consider the difference w — u. Then, we can immediately state that 

i- • c W - U 

lim mi sup > (J 

x— >+oo p/ V 

since if not, the Phragmen-Lindelof Theorem would imply w — u < 0, a contradiction. As in the 
proof of Proposition f|2 . 6[) we obtain 



(22) ci < < c 2 . 

v 



We follow the same outline as before and study the Almgren quotient N(x) on £l£ := {(£,rf) E 
R N : £ E (0,.t), j] e U R }. As before, N(x) = §^ where D{x) = f Qa \Vw\ 2 and H{x) = w 2 
being T x = {(x,rj) : r\ E U R }. Multiplying the Laplace equation by w itself, we obtain 



|Vui| 2 = / ww x — I ww x 



/fig Jr x Jt 

Multiplying the Laplace equation by w x we obtain 

Vic • Vuix = / w x 2 - / w x 2 
where 

Vi«'V%=/ ^|Vt«| 2 i/-ei= / l\Vw\ 2 - [ i|VH 2 
'fi2 JafiS 2 Jr, * Jr * 



so that 



\Vw\ 2 = \Ww\ A +2l w x z -2l w x 



Thus, the derivative 

D'{x)H(x) - D{x)H'{x) 



N'{x) = 



H 2 (x) 



\Vw\ 2 + 2l w 2 ~2\ w x 2 ) I w 2 -ll w 2 -\ w 2 ) / -Iww., 

,2 ' 



W 



i 2 

2 / „„2 



2 < / Wi / w - / ujuj^ > + / w„ / w - w x / w +2 ww x ww 



w 

r x 



( 2 
2 ' 



w y 2 — w x 2 2 ww x ww x 
^ J Fp . ./To Jr x 

w 2 ( [ S " 



r x 



W 



w v 2 — w x 2 2 1 ww x I ww x 



via Holder inequality. Thanks to the estimate (f2"2"j) the function 

E 1^(0, +oo), 

w 2 ( I w 2 " 

r x 



y 
r 
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so that N(x) admits a limit as x — > +00. Moreover, such a limit is finite since the quantities a k 
and bk cannot diverge to infinity via Lemma (|2.5I) and Theorem (|2.4[) as in the proof of Proposition 
()2.6|) . We conclude the proof invoking Proposition (|2.7[) . □ 

Theorem 3.4. Any positive solution to the problem ^ is a linear combination c L v L + c R v R with 
c L , c R > where v L and v R are the solutions in the Theorem (|3.2p with finite energy on C L and 
C R respectively. 

Proof. The proof relies essentially on the Phragmen-Lindelof Principle. Let i»>0a solution to 
the problem |T]). We simply apply the aforementioned principle on w — (c L v L + c R v R ) comparing 
it with c L v L + c R v R + 1. In this case we choose the sequence of domains Dk as the union 
{(£,77) : £ e (0, k) rj e U R } U {(£,77) : S, G (—k, 0) 77 G U L } whenever U R is bounded, whereas 
{(£,77) : £ G (—k, 0) 77 G C/ L } U (C B n B k (x)) where x is the junction point between C L and C fl 
whenever U R is the whole hyperplane. □ 

We stress that such solutions have Ymv x ^± 00 N(x) as low as possible, that is \/A^ and — \/Af 
respectively. Does the reverse implication hold true? Not exactly, but we can state 

Theorem 3.5. The function set 

S := L solution to © s.t. { | im ^+~ N{ ?\ = 1 

is a linear space of dimension 2 and {v L ,v R } is a basis, being v L , as m /;/ie previous theorem. 

We remark that in this case no positivity assumption can be made on solutions, but we can 
state that they change their sign at most just one time. 



4. Frequency transfer from two consecutive cylinders 

Let us focus our attention on the unique solution which has finite energy at —00. We are talking 
about u + <&, where u is the minimum of (1181) and <£> the unique solution of the problem Q. Thanks 
to the uniqueness of such a solution, whenever we impose the exact behavior at x — > +00, the 
asymptotic behavior for x — > —00 is determined. We aim to investigate how such a fact occurs. 

Remark 4.1. Via the Phragmen-Lindelof Theorem, the restrictions u L := u\c L an d uR '■= u Xc a 
are u L {x,y) = 0{e^/~^ x tpi(y)) whereas u R (x,y) = 0(e _ V^f x f R {y))- Indeed, given the particular 
domain's geometry, u L and u R can be written as ^ fc c^(x)ip^(y) and J^k ^(^fkiv) respectively. 
Then, imposing that Au l = for i = L, R and that their energy is finite, they take the form 

(23) u L (x, y) = Yl «fceV^»^(„) u R (x, y) = £ f3 k e-^ V R (y) 

k k 

where the eigenf unctions o,nd {v^} are basis for L 2 (U L ) and L 2 (U R ) respectively. 

The key points for this analysis are Equation (|20| together with the fact that the two profiles 
of u L and u R coincides on the boundary {(x, y) £ ft, x — 0}. 

In particular, Equation (|2"0]) makes sense in a distributional sense, so that it should be read in 
the dual space R~ X I 2 (JJ L ). Indeed, both u L and u R are V 1 ' 2 functions on C L and C R respectively, 
then their traces on {x — 0} are H 1 / 2 functions and then their partial derivatives on {x — 0} are 
in 7J~ 1 / 2 (C/ i ) and H~ l / 2 {U R ) respectively. In order to specify these concepts, we introduce the 
following spaces 

f,f := {(a,), s.t. ^(A 3 L ) 1/2 a/<+co}, 

j 

(,f : {(a^s-t. ^(Af) 1/2 a/<+oo}, 
3 
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being Xj and the eigenvalues of Ajv-i on U L and U R respectively, and operators 



a — (a J )j 
U:H^ 2 {U L ) 

u = aPifj 



{U{a)) k = U k a 3 

H l ' 2 (U R ) 

Uu = {U k a^ R . 



Moreover, U* : H- l / 2 {U R ) — > H- 1 / 2 (U L ) will be the adjoint operator. 
These mean that Equation ([20)1 is correctly read as 

OX |x=0/ 



(24) 
which is 
(25) 



dx | x =o 



dx |-b=o 



aj\/X j L ip j L -U* 



where 7 fc are the coefficients of _ Q . Thus the equation for the coefficients becomes 



(26) 



u* 



'X k R U{a 3 



= U* ( 7fe ) 
= W* (7fc) 



since /3fc = ctjW k from the fact u L (0,y) = u R (0,y) = ^Z^Pk^hiv)- 
Equation (|2"6")l becomes 

A L a-U*A R Ua = a 
(A L -U*A R U)a = a a 
(27) (I- (A L )- 1 U*A R U) a = a 

where ao = (A L )~ l U* (7fc), A R the diagonal operator between t)^ 2 and i)^ 1 ^ 2 which multiplies by 
the square root of the eigenvalues \J Xj R , which is in fact an isometry between those two spaces, 
whereas (A L ) _1 is analogously an isometry from t)^ 1 ^ 2 into f)^ 2 . 



Proposition 4.2. The operator T = (A L )- 1 U*A R U is a contraction on f) 



1/2 



Proof. Proving that U* A R U has got the same eigenvalues of will be sufficient to our aim. 
Once we have that, we apply the well-known Weyl's law: being Xj the j-th eigenvalue of the 
Laplacian on a bounded regular domain fl of dimension n, the following asymptotic behavior 
holds Xj ~ C n j 2 / n |S!|~ 2 /" as j — > +00 and C n is a constant depending only on the dimension n. 

Then, not only the ratio -A; < 1 and then T is a contraction at every point, but also the ratio is 

1/2 

uniformly far away from 1, so that T is a contraction on the whole space f) L . 

Let us study the eigenvalues of U* A R U. First of all we note that U is a bounded operator 
from t) 1 ^ 2 into f)Jj with operator norm less or equal to 1. In fact, U is an isometry from L 2 (U L ) 
into L 2 (U R ) as well as from H^(U L ) into H^(U R ). Being U X I 2 {U L ) and H X I 2 (XJ R ) intermediate 
spaces [L 2 (C/ L ),i? 1 (C /i )]i/2 and [L 2 {U R ), H l {U R )] 1/2 respectively, the operator U : H^ 2 {U L ) -> 
i/ 1 / 2 ([/' R ) has operator norm 



u 


< 


u 









L?(u L ),m(u L ) 



U 



< 1 



(see H]). 



1/2 1/2 

Secondly, () L C f) H thanks to the relation between the eigenvalues mentioned above. 
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1 /2 1/2 

Then, W is a partially isometric operator from f)^ into f) fl , since it is an isometry on the 

subspace f)^ 2 . So, UU* = I on t)}/ 2 (see [5]), and multiplying the eigenvalue equation (U*A R U)a = 
\mx by U we obtain 

A R U a — U fia — fjLt a, 

the thesis. □ 

Thanks to the previous proposition, Equation (|27p has a unique solution which is nontrivial 
since ao ^ 0. 

We note that whenever $ is the solution to the problem (j4]), then the first component a\ of the 
solution a to Equation (|27[) is for sure different from zero. This is implied by the uniqueness of 
a positive solution to the problem ([1]). Moreover, from Remark (|4.1I) it describes the asymptotic 
behavior of u L for x — > — oo. 

4.1. Generalization to union of many chambers. Let us consider a domain which is a union 
of several different chambers, such that the width of each chamber is negligible with respect to the 
corresponding length. We mean il = C 1 U . . . U C . The previous case ft = C L U C R is obviously 
covered by this type of domains. The proof of existence and uniqueness of a C 1 positive harmonic 
function in such a domain is a straightforward consequence of Theorem (jl.ip . As a matter of 
fact, we can merely iterate its proof N — 1 times with the suitable (slight) modifications, where 
N denotes the number of the chambers. 

Moreover, suppose not to know the number of the chambers, but rather the asymptotic behavior 
of the solution for x — > — oo, that is 

(28) u(x,y) x ^°° ne^l^Ky) 

where A} denotes the first eigenvalue for A*" 1 for the first chamber and <p\(y) its relative eigen- 
function. Then it will be 

(29) k = a\ -a\ ■ ... ■ af -1 , 

where a{ are the analogues of a\ in Equation (|2Uf for the couple of chambers (C J , C^ +1 ). In 
this way we can deduce the number of the chambers from n, i.e. from the solution's asymptotic 
behavior at — oo. 

Conversely, if the domain consists in the union of N chambers, we can immediately state that 
the asymptotic behavior of the unique C 1 positive harmonic function for x — oo is (|28p with k 
given by 
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